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Abstract

Al systems that are designed to automate or support decision
making should take into account the fact that human beings
are often faced with “hard choices”, choices in which nei-
ther option is better or equally good as the other. Instead, in
hard choices, the options are “on a par”, qualitatively different
yet in the same overall neighbourhood of value. Difference
Models, in which pairs of items are assigned an approximate
difference in value, offer a formal framework for represent-
ing such relationships and naturally capture cases of parity.
They also provide a principled method for resolving parities,
thereby establishing a total ranking among the items. A parity
resolution can be viewed as the user’s commitment to one op-
tion over another; and, in this paper, we study the problem of
determining the minimal number of such resolutions needed
to eliminate all parities. We represent this as the Resolution
Number Problem and prove it NP-complete by establishing
a correspondence with the Jump Number Problem for par-
tially ordered sets. We then study how to compute a minimal
set of resolutions in practice. We show that this problem can
be naturally encoded as a numeric planning problem in which
optimal plans correspond to optimal resolution sequences. Fi-
nally, we evaluate state-of-the-art optimal numeric planners
on a set of synthetic Difference Models to assess their scala-
bility on this new class of problems.

Introduction

Making decisions often involves hard choices, cases where
options are neither better, worse, nor equal, but instead on
a par. Such situations arise when alternatives differ qualita-
tively yet lie within the same overall neighbourhood of value
(Chang 2017). For example, a business career is qualitatively
different from one in academic computer science, and two
such careers could be in the same overall neighbourhood of
“goodness as a career”: the choice between them is hard.
As autonomous and Al-driven systems become increas-
ingly prevalent in society, approaches that account for hard
choices are vital. From resource and task allocation (Zahedi,
Sengupta, and Kambhampati 2024) to personal decision
support, systems that fail to recognize or properly deal with
parity risk making decisions that might be misaligned with
user priorities. The consequences of these limitations are al-
ready evident: discriminatory outcomes in machine-learning

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

CV screening, biases in facial recognition, and more. De-
spite these issues, users often over-trust existing systems.
For instance, seeking advice from Large Language Models
(LLMs) on medical decisions (Yun and Bickmore 2025), or
even life-or-death military action (Holbrook et al. 2024), un-
aware that these models merely aim to produce plausible re-
sponses, and do not guarantee truth, impartiality, relevance,
or alignment with personal values (Bender et al. 2021).

To earn trust, we believe Al systems should serve user in-
terests through verifiable mathematical methods (Abeywick-
rama et al. 2023) that capture the diverse preferences and de-
cision factors behind any recommendation, plan, or choice.

In this paper, we focus on Difference Models, a framework
that represents parity by assigning approximate value differ-
ences to item pairs, and offers an effective resolution method
to eliminate such parities. From a user’s perspective, parity
arises when an object is neither better nor equal to another,
and a resolution corresponds to committing to one of the op-
tions. Furthermore, we assume that users aim to eliminate
all parities with the fewest commitments and address a spe-
cific challenge within this setting: determining the minimum
number of resolutions to eliminate all parities, thus provid-
ing a measure of the minimal effort to reach this objective.
Specifically, we formally prove that the decision version of
this problem is NP-complete. We then present an encoding
of this problem to numeric planning (Fox and Long 2003),
enabling the use of established planning techniques to com-
pute a minimal set of resolutions. This encoding addresses
key combinatorial challenges arising when minimising user
commitments, and lays the groundwork for more advanced
parity-aware decision-making approaches. Finally, we em-
pirically evaluate our approach to assess the performance of
state-of-the-art numeric planners under this encoding.

Related Work

This paper focuses on modelling choices between items and
uses planning to address the computational challenges aris-
ing in this setting. Some interpret hard choices as “uncertain-
ties” requiring more data, or “indeterminacies” allowing for
arbitrary resolution (Dobbe, Gilbert, and Mintz 2021; McEl-
fresh et al. 2021). In other scenarios, decision-making sys-
tems rely on optimization-based techniques that rank options
by aggregating preferences (Noothigattu et al. 2018). How-
ever, these approaches are limited in contexts where trade-



offs between competing values cannot be reduced to a single
metric. We therefore consider models that explicitly repre-
sent parities and incorporate mechanisms to refine them.
Recent work in robotics acknowledges the need to recog-
nise competing trade-offs and seek user clarification rather
than assuming a single optimal outcome. This challenge
has motivated strategies that avoid committing to a single
plan, such as multi-objective planning frameworks which
balance completing objectives under uncertainty (Stephens
et al. 2024), or multi-dimensional parameter sets translated
to user-understandable trade-offs to ease interaction with
cognitively demanding systems (Wilson and Hauert 2022).
Related works also deal with the broad problem of human-
aware planning (Zahedi, Sengupta, and Kambhampati 2024;
Chakraborti, Sreedharan, and Kambhampati 2018), human-
robot interaction (Nguyen et al. 2025), and integrating hu-
man’s trust in the planning process (Zahedi et al. 2023).
Like difference models, partially ordered sets (Davey and
Priestley 2002) and related ordered structures have been
considered to reason about incomparable objects. For ex-
ample, semiorders (Luce 1956) model human preferences
by assigning numerical utilities to objects and treating as
incomparable any pair whose utilities differ by less than a
fixed threshold. Other alternatives to semiorders have also
been explored, such as interval orders (Fishburn 1970) and
bounded bitolerance orders (Bogart and Trenk 1994).

Background: Difference Models

This section introduces the notion of a Difference Model, or
D-Model (Fine 2026), which is a structure that relates pairs
of objects in terms of their difference in value. As this value
difference may be imprecise, D-Models use the notion of
approximate difference. This is a tuple {r, s), representing
an interval, with 7, s € Z and r < s. Given a set of items
X, between which a choice is to be made, we denote by
“=" a function mapping two items y, z € X into an approx-
imate difference (r, s). We might think of an approximate
difference as approximating to the real difference in value
between two items. Thus, (y ~ z) = (1, 3) indicates that the
“real” difference in value between y and x is at least 1 and
at most 3.! If r = s, then (y =~ =) is a precise difference.
Within this framework, we can determine whether an item
is better than another by analysing their approximate differ-
ence. To do so, we first define the following relations be-
tween two approximate differences (rg, so) and {(r1, $1):

(ro, 80y = {r1,s1)iff ro = r1 and s¢ = $1
(ro, 8oy > {r1,s1)iff (rp > r1 and sg > s1) or
(ro = r1 and sg > s1)
{ro, so) ~ (r1, s1y iff neither {rg, so) = {(r1, s1) nor
(ro, s0) < {r1,s1)
For example, {4,6) > (3,5), and also {(4,6) > (3,5).
Moreover, {4,6) ~ {(—2,7) as neither approximate differ-

"Under a more objective understanding, (1, 3) is the real dif-
ference between the items, and it is a mistake to suppose, without
the user making a further commitment, that there is a more precise
objective difference in value between them (Chang 2002).

ence is greater than or equal to the other. We now define the
following relations between two items y, z € X:

z < yiff (y ~ x) ><0,0) (better)
y ~ z iff (y =~ ) = 0,0) (equal)
x <yiffeitherx < yory ~x (better or equal)
y ~ x iff (y ~ ) ~ (0, 0). (on a par)

Note that y and z are on a par when neither is better nor
are they equal.

Example 1. As a running example, we model the difference
in value between career paths. Let A indicate a career in
arts, and B a career in business. If (A —~ B) = (1,3), then
B < A, since {(1,3) > {0,0). Intuitively, {1,3) indicates
that the difference between A and B must be positive, mean-
ing that the arts career is strictly better. On the other hand,
if (A=~ B) =(-2,3) then A ~ B, since {—2,3) ~ {0,0).
Intuitively, this indicates that the difference between A and
B could be taken to be positive (favouring arts) or negative
(favouring business). Since the two items are not of equal
value, and neither is better, they are on a par.

Given (y — x) = (r, s), we use (y — x)| to indicate r and
(y = )1 to indicate s. Note that z < y when (y ~ )] = 0
and (y ~z)? > 0,y ~ x when (y ~z)] = (y ~ x)1 =0,
and y ~ = when (y — )] < Oand (y ~ ) > 0.In
addition, we define the following relation and operators for
two approximate differences {rg, so) and (ry, s1):

<T’0, 80> e <7“1, 81> iff ro = r1 and sg < 51
(ro, s0) + (r1,s1) = {ro + 11, 50 + 51)
- <TO7 SO> = <_807 _TO>

The < relation indicates that one approximate difference
is contained within another. For example, (4,6) < (—2,7).
Moreover, summing two approximate differences is done by
pairwise summing both end-points, and negation flips both
the signs and the endpoints of the interval. For example,
4,6y +(—=2,7)=(2,13) and —(—2,7) = (—7,2).

A D-Model is a “coherent” collection of approximate dif-
ferences over a given set of items.

Definition 1. A D-Model is a tuple M = (X, =), where X
is a non-empty set and — is a function mapping two items
y,x € X into an approximate difference. Moreover, for ev-
eryx,y,z € X, we require:
(x —x) =<0,0)
(y=a)=—(x=y)
(z=z)c(z-y) + (y =)
Equality requires each item to be of equal value to it-
self, whilst reversal requires (y — ) to be the negative of
(z = y). For this reason, y ~ z iff x ~ yand z ~ y
iff y & x. Triangular inequality requires that the minimum
(maximum, resp.) difference between z and = be compati-
ble with the sum of the minimum (maximum, resp.) differ-
ence between z and y and the minimum (maximum, resp.)
difference between y and z. Indeed, supposing (z ~ z) =
(ro, 0y, (2 — y) = {r1,s1), (y — ) = {ra, $2), triangular
inequality then requires {rog, so) < {r1 + 72, 81 + S2 which
is to say that rg > r1 + r9 and sg < $1 + So.
The next example illustrates an entire D-Model.

(Equality)
(Reversal)
(Triangular Inequality)



Example 2. As in Example 1, let A indicate a career in
arts and B a career in business. Let also C' be a career in
computer science. We define the D-Model M = (X, =) in
the table below:

- A B C
A <0a 0> <_27 2> <Oa 1>
c <_1a 0> <_37 2> <07 0>

Under this tabular notation, the set of items X is given by the
set X = {A, B,C} of row and column labels. For each pair
of items, the entry at row x and column y gives (x — y). For
example, (A~ B) = (—2,2). The function ~ satisfies equal-
ity, since (A~ A) = (B~ B) = (C = C) ={0,0) “along
the diagonal”. It also satisfies reversal, with, for example,
(B=C)=(-2,3)and (C -~ B) =—(B~C) =(-3,2).
Finally, triangular inequality can be seen to hold. For ex-
ample, (A~ B) € (B~ C) + (C = A), since (—2,2) <
(—=2,3)+{(-1,0).

It can be shown that triangular inequality implies that the
relation < in a difference model is transitive.

Theorem 1. Let M = (X, =) be a D-Model. For any
z,y,z€ X, ife <yandy < zthen x < z.

Proof. Let (y —x) = {r1,s1yand (z —y) = (rq, $2). Since
r<yandy < z,r1 =2 0,51 =2 0,70 =20, 590 = 0.
By triangular inequality: (z ~ z) € (z ~y) + (y ~ z) =
{r1 472, 81+ s2). But note that 71 +r2 > 0 and s; + s2 > 0.
If ry + 7o = 0 and 1 + s2 = 0, then (z ~ z) < <0,0) and
so z ~ x. Otherwise, x < z. In either case, x < z. O

We now introduce the concept of a resolution, which we
regard as a way of modifying a parity within a D-Model so
as to make one item better than the other. More exactly, sup-
pose given a D-Model M = (X, ~) and a parity within M,
i.e. a pair of items u, v € X for which u ~ v. The next defi-
nition then shows how to compute a new D-Model in which
the parity is resolved in favor of v being better than w.

Definition 2 (Resolution). Let M = (X, =) be a D-Model
and u,v € X two items for which u ~ v. We set M[u,v] =
(X, ="y where, for every y,x € X, the value (y ~' x) =
{r=, sx) of the new function ' is defined by:

r* =max((y ~ )|, (y = v)| + (u=1x)])
s* =min((y - )1, (y = uw) + (v = 2)1)

Recall that, in any D-Model M, u ~ v iff (v~ u)] < 0
and (v = w)! > 0. Intuitively, the minimal modification
required to make u < v would be to set (v ~' u) =
{0, (v~ wu)1). Indeed, if we replace y with v and « with z in
Definition 2, then we obtain exactly this result. In addition,
every approximate difference (y ~ z) will be transformed
into a possibly smaller one: for, by Definition 2, r* is always
greater than or equal to the previous lower bound, whilst s*
is always smaller than or equal to the previous upper bound.
This adjustment is necessary in order to maintain triangu-
lar inequality, since simply setting (v ~' ) to {0, (v ~ u)?1)
would in general lead to its failure.

Given two distinct D-Models (X, =) and (X, ~"), we
hereafter use the notation <’, &/, etc., to indicate a relation
with respect to ~" and <, =, etc., to indicate a relation with
respect to —.

Theorem 2 (Fine (2026)). Let M = (X, ~) be a D-Model
and u,v € X two items for which u ~ v. Then M[u,v] =
(X, ="y is a D-Model in which u <’ v.

A proof for Theorem 2 is provided in the appendix. The
next example shows how resolution is performed.

Example 3. Let M be the D-Model given in example 2.
Since A ~ B in M, we can apply Definition 2 to obtain
the new D-Model M B, A] = (X, ~") defined by:

~1| A B C

A Q0,00 0.2 0.0
B <_27O> <07O> <_27 1>
C <717O> <7172> <0a0>

As discussed, we obtain (A~'B) = (0, (A= B)1) =0,2),
and thus B < A. Note also that the value of (B ~' C) has
been modified. Recall that we must have (B ~' C) < (B ~'
A)+ (A='C). Before, in M, (B~ A) was {—2, 2), but now
(B~"A)is{—2,0), whilst (A~'C') is unchanged. Therefore,
we must have (B ~' C) < (—2,0) +<0,1) = {(—2,1) and
thus the resolution restricts (B ~' C) to {(—2, 1) to maintain
triangular inequality.

The next section focuses on the problem of removing all
of the parities in a D-Model by means of resolution.

The Resolution Number Problem

From Theorem 2, if u ~ v in a D-Model M, then we can ob-
tain a new D-Model M[u, v] in which u < v. We can there-
fore “resolve” all parities in a finite D-Model by performing
a series of appropriate resolutions. This section formalises
the problem of finding a minimal set of such resolutions.

We begin with some definitions. A resolution sequence
for a D-Model M = (X,=) is a sequence r =
{(ug,vg), -« - (Up,vy)) in which each (u;,v;) € X x X.
Moreover, if u ~ v does not hold for some v and v in a D-
Model M, then M [u,v] = M. That is, a resolution for two
items that are not on a par does not modify the D-Model. Let
M() = M, M1 = Mo[UO,Uo], ey Mn+1 = Mn[un,vn].
We say that the resolution sequence r is sound if Vi =
0,1,...,n-u; ~ v; in M;. In other words, a sound resolution
sequence induces a sequence of D-Models My = M, M,

wos My yq where Vi = 0,1,...,n wehave M; &+ M; 1.

For convenience, we will use r; with ¢ < n to indicate the
subsequence r; = {(ug,vo), - ., (u;,v;)) of r. In addition,
where r is any resolution sequence for a D-Model M, we
use M[r] for the model which results from executing r on
M. Note that if r is the empty sequence, then M[r] = M.

We say that the resolution sequence r resolves M if r is
sound and M[r] = M, contains no parities. Finally, let
¢(r) be the number of ordered pairs in the sequence . We
say that r is optimal if it has minimal size. We also use ¢(M )
to indicate the size of the optimal resolution sequence for M,
that is, ¢(M) = min({c(r) | r resolves M?}).



Example 4. Consider the D-Model M in Example 2. The
resolution sequence r = {(B, A), (C, B)) is sound because
A~ Bin M and B ~ C in M|[B, A] (this D-Model is
reported in Example 3). Moreover, 1 induces the sequence of
D-Models My, My, Ma, where My = M, M is M[B, A]
and Mo is M[B, A][C, B] = (X, =", which is defined by
the following table:

.//‘ A B C

00 00 05
B <_150> <O7O> <07 1>
C <_150> <_170> <O70>

Note that My has no parities, and so r resolves M. How-
ever, r is not optimal, as the shorter resolution sequence
r* = ((A, B)) produces a D-Model without parities. In-
deed, c(M) is 1 as M[A, B] = (X, ~*) is given by:

k| A B ¢

A70.0) (2,00 0.0
B| @2 00 03
C <7170> <73ﬂ0> <0ﬂ0>

We now introduce the resolution number problem.

Definition 3 (Resolution Number Problem). Instance: a D-
Model M = (X,—=) and integer k > 0. Question: is
c(M) <k?

In the next sections, we shall show that this problem is
NP-complete. For purposes of reduction, we use the closely
related jump number problem (Kierstead 1986) for partially
ordered sets.

Jump Number Problem for Partially Ordered Sets

We briefly introduce partially ordered sets (poset) and state
the jump number problem. A poset is a pair P = (X, <,
» where X is a set of objects and <, is a binary relation
on X that is reflexive, antisymmetric, and transitive. For all
x,y,z € X, reflexive means x <, x, antisymmetric means
thatif z <, y and y <, x then = y, and transitive means
thatif x <, yand y <, zthenz <, 2. We alsouse = £,
to indicate that x <, y does not hold, x <, y forxz <, y
and x #+ y, and finally z |, y to indicate that x and y are
incomparable, that is, £, y and y €, .

We now introduce the notion of linear extensions, which
are at the core of the jump number problem. Formally, a total
ordert = x1 <; x9 -+ - <4 @, of all elements of X is a linear
extension of the poset P = (X, <, if for all y,z € X,
x <, y implies x <; y. For a poset P and a linear extension
t of P, a jump is a consecutive pair of elements x;, x; 41 in t
that are incomparable in P (i.e., z; |, ;+1). Let s(P,t) be
the number of jumps in t. The jump number of P, denoted
by s(P), is the minimum number of jumps across all of the
linear extensions of P. Formally,

s(P) = min({s(P,t') | ¢ is a linear extension of P}).

Example 5. Let P = ({A,B,C, D}, <,) where B <, A
and D <, C. The total order tg = A <4y B <y, C <4y D
is not a linear extension of P, as B <, A. However, t; =
B <¢, D <4, A <y, Cisavalid linear extension of P with
3jumps: (B, D), (D, A), (A, C). This is because these pairs

of items are adjacent in t1 and incomparable in P. Finally,
the jump number s(P) of P is 1, since the linear extension
to = B <4, A <4, D <y, C has exactly one jump, (A, D),
and there are no other linear extensions with fewer jumps.

We can now state the Jump Number Problem (Colbourn and
Pulleyblank 1985; Kierstead 1986).

Definition 4 (Jump Number Problem). Instance: a poset P
and an integer k > 0. Question: is s(P) < k?
The jump number problem, which asks if the jump num-

ber of a poset is lower than or equal to an integer k, is known
to be NP-complete (see also (Bouchitté and Habib 1987)).

Computational Complexity

We now establish that the Resolution Number Problem is
also NP-complete. The proof is organised as follows. First,
we show that every poset can be encoded as a D-Model
(Theorem 3). Second, we extend the notion of linear exten-
sion and jumps to D-Models, and show how the resolution
changes the subclass of D-Models that encode posets (The-
orem 4). Third, we show that the jump number of a poset
corresponds to the optimal number of resolutions of the cor-
responding D-Model (Theorem S).

Theorem 3. Ler P = (X, <,) be a poset and let P =
(X, =) where — is defined by:

0,00 fz=y

0,1y ifx<,y

<_1’ O> ify <pZx

LD iyl @

y-x=

Then P is a D-Model.

Proof. To show that P is a D-Model, we need to prove that
equality, reversal, and triangular inequality hold in (X, =).
Equality. We can see that (z — ) = (0, 0) forevery z € X.
Reversal. For every y,x € X, if x = y, we have (y ~ z) =
—(x = y) = (0,0). Otherwise, if (y ~ z) = {0, 1), then
x <, y and thus, by the definition of P, (z = y) = (—1,0).
Similarly, if (y ~ =) = (—1,0), then y <, = and thus (z —
y) = <0,1). Lastly, if (y — =) = (—1, 1), then y|,z. Since
yl|px implies xz|,y, we have (z ~ y) = (-1, 1).
Triangular inequality. To prove this property, we consider
every possible values of (z ~ y) and (y — z), and show that
(z=—z) € (2~y) + (y ~ ) always holds. First, if (—1,1) <
(z = y) + (y = z) then triangular inequality holds because
by definition (z - x) < (—1, 1). This happens, for example,
when (z — y) = (—1,0) and (y — z) = {0, 1). All other
cases are reported in Table 1. As we can see, (z ~ z) <
(z = y) + (y — x) holds in all cases.

O

Example 6. Consider the poset P defined in Example 5.
Recall that B <, A and D <, C. So, the corresponding
D-Model P according to Theorem 3 is defined by:

=] A B c D
B|(~1,0) 0,05 {~1,15 {~1,15
c <_17 1> <_17 1> <Oa O> <0a 1>



(z=y) | (y==z) | (z =) | Justification

<07 0> <07 0> <07 0> Z=Yy=T.

0,0) 0,1 0,1) | z=yandz <, yimply z <, z.
0,1) (0,0) {0,1) | Symmetric to previous case.
0,1y | <0,1) | 0,1y | = <py <p zimpliesz <, z.
0,0y | (~1,0) | (~1,0) | z=yandy <, z imply z <, =.
(—=1,0> | <0,0) | <{(—1,0) | Symmetric to previous case.
(—=1,0) | (=1,0) | (~1,0) | z <p y <p = implies z <, .

Table 1: Possible values of (z — z) based on the values of
(z = y) and (y = ).

As one can see, B < A and D < C. Moreover, a pair
of items is incomparable in P iff they are on a par in the
corresponding D-Model P.

In giving the rest of the proof, we shall use P to denote
the D-Model obtained from the posets P. Moreover, observe
that there is a one to one map between the relations of P and
the corresponding relations of P.

Lemma 1. Let P = (X, <,) be a poset and P = (X, =)
be its corresponding D-Model. Then for every y,x € X the
following relations hold:

sy <pT(y<pa, resp.)iffy < x(y <z, resp.)
cylpriffy~

Proof. Full proof in the appendix. 0

We now extend the notions of linear extensions and jumps
to D-Models. A total order t = 1 <¢ o+ <4 x, on X
is a linear extension of the D-Model M = (X, =) if for
all y,z € X,z < yin M implies x <; y. Moreover, a
jump for M is a consecutive pair of objects z;, z;4+1 in t
such that x; ~ x;1. Lemma 1 implies that a poset P and its
corresponding D-Model P share the same linear extensions.
Moreover, a jump for P in a linear extension ¢ is also a jump
for P, and vice versa.

Example 7. Consider the poset P defined in Example 5
and its corresponding D-Model P reported in Example 6.
Clearly, the linear extensiont = B <; A < D <; C of
P is a linear extension of 'P. This is because we have both
B < Aand D < C in P. Moreover, the only jump (A, D)
for P is also a jump for P, as A ~ D.

One of the main results of this section is to show that
s(P) = ¢(P), that is, that the jump number of P is equal
to the optimal number of resolutions required to resolve P.
The case where P has no incomparable items is trivial, as P
then has no parities; and so, in this case, s(P) = ¢(P) = 0.
Therefore, without any loss of generality, we may, for the
rest of this section, assume that a poset P has at least one
pair of incomparable items and that, consequently, its corre-
sponding D-Model P has at least one parity.

We now analyse how a resolution changes a D-Model P
encoding a poset P = (X, <,). It is well known that, if u
and v are incomparable objects in P, then we can construct a
new poset ) = (X, <, with u <4 v by using the following
rule: forevery y,z € X, setx <, yifeitherz <, yorx <,
uand v <, y (Szpilrajn 1930). The next theorem shows that

a resolution performs the corresponding transformation on
the D-Model P.

Theorem 4. Let P = (X,<,) be a poset, and P =
(X, =) its corresponding D-Model. If u ~ v and P[u,v] =
(X, =", thenVy,z € X -x <" yiffeitherx < yor(z<u
and v < y). Moreover, Vy,x € X -x ~ y iffx ~" y.

Proof. We first prove that for every y, x € X:
r<"yiff (z <y)v (z<urv=<y).

We analyse both directions.

(=). Suppose (z <" y)but =((z < y) v (z < uAv < y)).
Therefore, (x £ y) A (x £ u v v £ y). We have two cases:
either (x £ y Az X u)or (z X y A v £ y). Suppose
(x ¥ y A x £ u). This implies y < x or y ~ z, and
u < x or u ~ z. In turn, this implies (y — z)| = —1 and
(v~ )] = —1. In addition, (y ~ v)| can be 0 or —1 (see
Theorem 3). Therefore, by Definition 2 we have:

(y =" @)l =max((y = 2)|,(y = v)l + (u=12)]) =
max(—1,(y ~v)| + —-1) = —1.

Therefore y <’ x or y ~' x (contradiction). The other case,
where (z X y A v £ y), is analogous.

(«=). Suppose (x < y) v (r < u A v <y)butx £ y. This
implies y <" x or y ~’ x. In both cases, (y ~" z)] = —1.
Recall that (y ~'z)| = max((y~x)|, (y=v)| + (u=2z)]).
As we are taking the maximum between those two values, if
(y~"x)] is —1 then both (y ~v)| + (v~ )| and (y ~ x)|
must be lower than or equal to —1. Therefore, we have:

1. (y = z)| < —1, which implies either y < z or y ~ =z,
and thus x X y.

2. (y = v)| + (u—~x)| < —1. Since the lower values of
these approximate differences are 0 or —1, this implies
that (y =v)| = —lor (u~z)| = -1.If (y ~v)| = —1,
we have y ~ v or y < v. Either way, v X y. Similarly, if
(u~x)} =—1thenu ~ x or u < x, and thus z X u.

We have that (x £ y) A (x £ u v v X y) (contradiction).

We now show that y ~ z iff y ~' x. (=) Immediate. (<)
Suppose z ~' y but x + y. That is, (y ~" ) = {0,0) and
(y = x) # €0, 0). By Definition 2, (y ~' x) = <0, 0) implies:

max((y = z)|, (y = v)l + (u=2)]) =0
min((y = )1, (y = u)t + (v = z)1) = 0.
Since (y ~ x) # <0, 0), we have three possible cases:

* (y=z), =0and (y =~ u)t + (v=2)1 = 0. By Theorem
3, (y=u)t + (v=x)! = 0implies (y ~ u)} = 0 and
(v=2)t =0.(y==z)| =0 (and (y=z) £ €0,0)) implies
z <y, (y=u)! =0impliesy < wand (v=-2)f =0
implies v < x. By transitivity (see Theorem 1), x < y
and y < v imply z < u. Moreover, v < z and x < u
imply v < u. Hence, u & v (contradiction)

*(y=-x)t =0and (y ~v)| + (v~ x)| = 0. As for
the previous case, Theorem 3 implies (y ~ v)| = 0 and
(u=z)] =0.(y—2x)! =0impliesy < z, (y~v)| =0
implies v < y and (u ~ x)| = 0 implies z < w. By tran-
sitivity, v < y and y < x imply v < x. Moreover, v < x
and x < w imply v < u. Hence, u 4 v (contradiction)



e (y=v)l+(u=x)] =0and (y=~u)t+(v=x)7 = 0. As
for the previous cases, we have v < y, r < u,y < u, and
v < z.v < y and y < u suffice to conclude that u & v.

O

Next, by resolving some v ~ v in a D-Model P we obtain
a new D-Model P[u, v] and there exists some poset () that
maps to P[u, v] under the transformation of Theorem 3.

Corollary 1. Let P = (X, <) be a poset, and P = (X, =)
be its corresponding D-Model. If v ~ v and Plu,v] =
(X, =", then there exists a poset Q with a corresponding D-
Model Q obtained from Theorem 3 such that Q = P|u,v].

Proof. Full proof in the appendix. O

This result is extremely important, as it implies that if we
perform a resolution Q@ = P[u,v] on the D-Model P, then
the relations of P will evolve according to Theorem 4. More-
over, if ¢ is a linear extension of a D-Model P with © ~ v,
then ¢ is also a linear extension of P[u, v]. Furthermore, let
r = {(up,v0), - . -, (Un, vy,)) be the jumps in ¢. Using Theo-
rem 4, we can also show that r is a resolution sequence that
resolves P. The next lemmas formalise these results.

Lemma 2. Let P be a poset, P = (X, =) its corresponding
D-Model, t a linear extension of P, and (u,v) a jump int
for P. Then t is a linear extension of P[u, v].

Proof. Full proof in the appendix. O

Lemma 3. Let P = (X, <,) be a poset, t a linear extension
of P, andr = {(ug,vg), . .. (Un, V) ) the jumps int, ordered
as in t. Then r is sound for P.

Proof. We prove the thesis by showing that, for all i =
0,1...,n, r, = {(up,v9),--., (ui,v;)y is sound for P.
Base case. i = 0. Clearly, ug ~ vo. Induction step. As-
sume that for ¢ < n, r; is sound for P. We now show
that ;1 is sound for P. Let Py = P, P1, ..., Pir1 be
the D-Models induced by applying r; on P. To prove that
r;+1 is sound for P, we need to prove that u; 1 &~ v;11 in
Pi+1. Suppose that u; 11 ~ v;4+1 does not hold for P; .
Therefore, either u;+1 < v;41 Or V41 < Ujy1 in Piyq.
Suppose u;11 < v;41 (the other case is analogous). Since
(wit1,vi+1) was a jump for the initial D-Model Py, a res-
olution of some previous jump made u;+1 < v;41. More
formally, 35 with 0 < j < 7 such that u;11 ~ v;4;1 in P;
and 1,41 < v;41 in P4 1. By Corollary 1, Theorem 4 ap-
plies to all the D-Models induced by 7; as it is a sound res-
olution sequence. Thus, by Theorem 4, we have u;41 < u;
and v; < v;41 in P; , and also P;. Recall that ¢ has the
following form: - --u; < vj---Ujp1 <¢ Vig1 - -+ . Since
Ui+1 < uj; in P; but u;41 <; wu; does not hold, we have
that ¢ is not a linear extension of P;. However, by Lemma 2
(see also Lemma 6 in the appendix), ¢ is a linear extension
of Py, P1,...,P; (contradiction). Therefore, u;11 =~ v;11
in P;41, and thus ;4 ; is sound for P. O

We now show that if ¢ is a linear extension for a poset
P and r is the resolution sequence composed by the jumps
in ¢ for P, then r resolves P. Then, we show that ¢ has the
minimal number of jumps iff 7 is optimal for P.

Lemma 4. Let P = (X, <, be a poset, t a linear exten-
sion, and r the jumps in t, ordered as in t. Then r resolves

P.

Proof. By Lemma 3, r is sound for P. Moreover, Lemma 2
can be used to show that ¢ is a linear extension of P[r]. By
definition of resolution, for every jump (u,v) in r, we have
u < v in P[r]. Therefore, there are no jumps in ¢ for P[r],
and this means that all pairs of subsequent objects z; <
x;4+1 are comparable in P[r]. Hence, by transitivity, there
are no parities in P[r] (see also Lemma 7 in the appendix).

O

Lemma 5. Let P be a partial order and P be its cor-
responding D-Model. If there exists a resolution sequence
r = {(ug,v0), - - -, (Un, vyn)) that resolves P, then there ex-
ists a linear extension t with s(P,t) < c(r).

Proof. If r resolves P, then (1) P[r] has a unique linear
extension ¢ and (2) t is a linear extension of Py = P, P4, ...,
‘P, (see also Lemma 8 in the appendix). Therefore, ¢ is also
a linear extension of P. We now show that s(P,t) < c(r).
Suppose that s(P,t) > ¢(r). This implies that there is at
least one jump x <, y for P such that (z,y) ¢ r. Therefore,
x ~ y in P. Suppose that for some ¢ = 0,...,n, we have
z < u; and v; < y in P;. Then, since ¢ is a linear extension
of P;, we have x <; u; and v; <; y. Since x <; y is a jump,
x and y must be adjacent in t. Therefore, ¢ is of the form:

'gtvigt"'gtl‘gtygt"'gtuigt"'

But u; < v; in P;1 by Theorem 2. Since u; ¢ v;, tisnota
linear extension of P;; (contradiction). So, Vi = 0,...,n
we have that x < u; and v; < y does not hold in P;. There-
fore, since z ~ y in Py, by Theorem 4 we also have that
x ~ yin Py, Pa, ..., Pny1 = P[r] (contradiction). O

Corollary 2. Let P be a partial order and P its correspond-
ing D-Model. Then s(P) = c(P).

Proof. Suppose s(P) < ¢(P). Then, there exists a linear ex-
tension ¢ of P with s(P,t) < ¢(P) jumps. By Lemma 4, the
resolution sequence r composed of the jumps in ¢ resolves
P and ¢(r) = s(P,t). Hence, ¢(r) < ¢(P) (contradiction).
Suppose ¢(P) < s(P). Let r be the resolution sequence
such that ¢(r) = ¢(P). Theorem 5 implies that there exists
a linear extension ¢ of P with s(P,t) < ¢(r) = ¢(P). Since
¢(P) < s(P), we have s(P,t) < s(P) (contradiction). [

Theorem 5. The Resolution Number Problem is NP-
complete.

Proof. We first show that the problem is NP. Recall that a
resolution cannot “introduce” new parities in the resulting
model. Therefore, the maximum number of pairs requiring
resolutions in a D-Model M is equal to the number of pairs
(z,y) € X x X such that z ~ y in M. Therefore, a non-
deterministic machine can guess a sequence of at most k



resolutions r = {(vg,up),. .., (vg, u)), and then we can
check in polynomial time if r is sound and resolves M. To
show hardness, we polynomially reduce the jump number
problem to the resolution number problem. Let P = (X, <)
be any poset. We can obtain P using Theorem 3 in O(| X |?)
time. Moreover, by Corollary 2, we have that s(P) = ¢(P).
Hence, for an integer k, we have s(P) < k iff ¢(P) < k.

O

Searching for Optimal Resolution Sequences

In this section, we focus on the problem of finding an op-
timal resolution sequence for a difference model M. To do
s0, we propose an encoding to numeric planning. Intuitively,
given a difference model M, we create a new planning prob-
lem II); whose optimal solutions correspond to the optimal
resolution sequences for M. As we will see, the numeric
planning formalism provides a simple and elegant way of
encoding D-Models. We start with some brief background
on numeric planning with conditional effects (Fox and Long
2003; Bonassi et al. 2025).

A numeric planning problem II is a tuple (V, I, G, A, ¢),
where V' is a set of numeric variables, and the state space
of P is the set of all valuations for V. Numeric planning
also allows Boolean state variables, but we omit them as not
required for our encoding. Let v € V, and s be a state, s(v)
that indicates the value of v in s. I is the initial state. Let L
be the language of propositional formulas that have numeric
conditions as terminals, i.e., {{>, >, =}0 with £ a numeric
expression over V' and Q. For a numeric expression £, we
write s(£) to indicate the value of £ in s. G, the goal, is an
element of L. A is a set of actions such that each a € A
is a pair (pre(a),eff(a)) where pre(a) € L and eff(a) is
a set of conditional effects describing the action effects. A
conditional effect is a pair ¢ =>v := £ where p € L,v e V,
and ¢ is an arithmetic expression. Finally, c is a cost function
assigning a positive value to each action a.

An action a is applicable in s if s = pre(a), and its execu-
tion produces a new state s’ = s[a] defined accoring to the
action’s effects. Intuitively, a conditional effect ¢ > v := &
indicates that when the action is executed the variable v gets
assigned to s(§) in s only if s satisfies ¢. Formally, for every
v eV, s (v)is defined as follows:

s'(v) = {5(5) ifdgp>v:=¢eeff(a) suchthat s = ¢

s(v) otherwise

We assume that the problem has no conflicting effects. A
plan for IT is a sequence of actions 7 = {ay, .. ., a, ) from
A. The execution of 7 from [ induces a sequence of states
(so = 1,81 = solao], ..., Sn+1 = Snlan])). We say that 7
is valid for IT if for each i € {1,...,n}, s; |= pre(a;), and
sn+1 = G. The cost of a valid plan 7 is c(7) = >}, c(a),
and a plan is optimal if it has minimal cost.

We now present our encoding. Given an initial difference
model My = (X, ~) we define a numeric planning problem
My, =<V, 1,G, A, c) as follows.

Variables. Numeric variables encode the value of all ap-
proximate differences. Specifically, for each y,z € X, we

have two variables: ub, , and b, , for the upper and lower
bounds of (y ~ x). Formally, V' = |, ,cx{lby,z, ubya}.

Initial State. The initial state captures the value of (y ~x)
in My for each y,x € X. Formally, I = {J, ,cx{lby,. =

(y = x)JmUbe,w = (y = o)1}

Goal. To find the optimal resolution, we need to trans-
form Mj into a new D-Model without parities. Recall that
y ~ xiff (y ~ )] < 0 and (y — z)! > 0. Hence,
we can enforce a goal state to have no parities by setting
G = N\, zex ~(Ibye <0 A uby, >0)

Actions. FEach action of the problem encodes a possi-
ble resolution. Therefore, the set of actions is defined as
A = U,ex{resolve,}. To ensure that plans encode
sound resolution sequences, we must ensure that an action
resolve,, , is executed only when u ~ v. Therefore, we set
pre(resolvey ) = (Iby, < 0 A uby, > 0). Moreover,
we set the effect of each action to perform the resolution
as in Definition 2. For some u ~ v we wish to resolve, let
Ty« denote lby o, + b, . and Sy denote ub,, ,, + ub, , for
some y, x € X. To perform the resolution M [u, v] for some
model M, we need to set lb, , to max(lby 4,7y ») and uby 4
to min(uby, 4, s, ) for every y,z € X. We can do so with
two conditional effects:

(Ibyp <Tyz)=lby s =Ty, (eff" )

(Uby’w > §y,x> = ubyﬂ? = §y,m (eﬁz,bz)
Hence, we have eff (resolve,, ,) = Uy,gceX{effé[iz,effo’z}.
Finally, we have ¢(a) = 1 for every action a € A.

We now briefly analyze the correctness of the encoding.
Let My be a D-Model and 1I,, its corresponding plan-
ning problem. For a state s of I, we denote by |
the D-Model encoded within s, that is, s|pr = (X, =)
where (y — z) = (s(lbyz), s(uby z)) for every y,z € X.
It can be proven that every reachable state s of Iy, is
such that s|p; is a D-Model. This is because (i) by defini-
tion I|pr = My, (ii) every action resolve, , can be ex-
ecuted in a state s only if u ~ v in s|p, and (iii) ac-
tions perform the resolution as in Definition 2, that is, ex-
ecuting resolve,, ,, in a state s induces a new state s’ such
that s’|psy = s|a[u,v]. Therefore, every valid plan 7 =
{resolvey,y vys - - -, resolvey, . » of Iy, corresponds to a
resolution sequence r = {(ug, vg), . . - , (tn, Uy )) that solves
M. Since the cost of every action is unitary, 7 is optimal iff
r is optimal. For these reasons, the encoding is correct.

Theorem 6. Let My be a D-Model and 11y, its correspond-
ing numeric planning problem. Any valid plan 7 for 11,
can be mapped to a resolution sequence r that solves M,
and vice versa. Moreover, T is optimal iff r is optimal.

Experiments

Currently, no automatic approach for finding a minimal res-
olution sequence for D-Models exists. Therefore, in our
experimental analysis, we focus on evaluating the effec-
tiveness and scalability of current state-of-the-art numeric
planners in finding an optimal resolution sequence for a



set of benchmark D-Models. To do so, we created 20 D-
Models with increasing numbers of items and parities by
randomly sampling approximate differences within the in-
terval [—100, 100], and expanding these limits if necessary
to maintain triangular inequality. We then encoded these D-
Models using the previously presented approach. We denote
these instances by IIF. Currently, numeric planners either
lack support for conditional effects or do not incorporate
them into optimal planning heuristics. To broaden the range
of available planners, we created another set of equivalent
instances II°°” by compiling conditional effects away. Our
compilation is specific to our domain and, similar to existing
polynomial compilations (Nebel 2000; Bonassi et al. 2025),
replaces conditional effects with sequences of actions yield-
ing the same successor states. To ensure that the cost of solu-
tion plans corresponds to the number of resolutions required
to resolve a D-Model, the cost of the additional actions in-
troduced to handle conditional effects is set to zero. All in-
stances are provided in the supplementary material.

For optimal planners, we considered an A* search guided
by the blind heuristic h*/"? and the hi%%* heuristic (Scala
et al. 2020), both implemented in ENHSP (Scala et al. 2016).
Moreover, we considered NLM-CutPlan (NLM) (Kuroiwa,
Shleyfman, and Beck 2023) and OMTplan (Leofante 2023)
(OMT), two optimal planners that participated in the nu-
meric track of the 2023 International Planning Competi-
tion (Taitler et al. 2024). NLM is based on Numeric Fast
Downward (Aldinger and Nebel 2017), and performs an A*
search guided by a variant of the numeric LM-Cut heuristic
(Kuroiwa et al. 2022) that exploits the bounds of numeric
variables. Differently, OMT is an optimal planner based on
Satisfiability Modulo Theories (Barrett et al. 2021). We run
hbtind on TICF instances, as it is the only configuration sup-
porting conditional effects, while we run all configurations
over IT€°MP 'We collect the runtime, solution cost, and num-
ber of nodes expanded by the search. Experiments were run
on a 24-Core AMD Ryzen Threadripper 7960X processor
with runtime and memory limits of 60 minutes and 16 GB.

Table 2 reports the optimal solution cost and runtime
achieved by all systems. Each instance is denoted by X-v,
where X is the number of items and Y is the number of pari-
ties in the D-Model. For example, instance 5-8 encodes a D-
Model with 5 items and 8 parities. The table reports results
only for the first 12 benchmark instances, as all planners ran
out of time or memory on the larger problems. The full ta-
ble is provided in the appendix. We observe that the best
results are obtained by h?'""¢ on the II* problems, whereas
performance degrades on II®°?, Intuitively, the conditional
effect compilation polynomially increases the size of solu-
tion plans (Nebel 2000), making the search more difficult.
Indeed, the same A% configuration solves 7 IIC°MF in-
stances, compared to 12 for II°%. On average, h®'"¢ on I1°"
expands 14168 nodes versus 1286305 nodes when run on
ITC°MP Moreover, while the length of optimal plans for IT°®
matches the cost of the optimal solution, the plans produced
by hblnd in TICOMP contain, on average, 78.71 actions.

We also observe that current planners are less effective
on IT€°M? than a blind search on II°". Specifically, we ob-
serve that h}}%" does not provide effective heuristic guid-

TICE HCOMP
Problem Cost  Apblind  pblind Rper  NLM  OMT

5-8 2 0.48 0.25 0.52 11.51 313.02
5-9 3 0.59 0.35 0.64 9550 TO
6-12 4 1.10 1.08 7.17 TO TO
6-13 4 1.11 1.24 9.79 TO TO
7-20 5 9.99 87.38  955.89 TO TO
7-21 6 72.08 MO MO TO TO
8-23 4 296 1828  246.93 MO TO
8-24 4 543 2581 358.91 MO TO
9-28 4 50.97 MO MO MO TO
9-29 5 86.77 MO MO MO TO
10-34 4 29.24 MO 3172.05 MO TO
10-37 4  180.71 MO TO MO TO

Table 2: Solution cost and runtime (in seconds) achieved
by all systems. “TO” indicates the planner timing out while
“MO” indicates the planner running out of memory.

ance on ITC°M? instances: on average, the number of nodes
expanded by h7%® (1243978) is similar to that of h%!"d
(1286305). This is because hj4" was designed for prob-
lems where variables can only be increased or decreased by
a constant, whereas II°°™" introduces variable assignments
and linear expressions on the right-hand side of effects. In-
terestingly, in one II€°M" instance (10-34) h*""? runs out
of memory, while h}}%" manages to find a solution. In prin-
ciple, NLM and OMT should be better suited for this class
of problem, yet they exhibit different weaknesses. NLM fre-
quently exceeds memory limits before the start of the search.
OMT, on the other hand, operates similarly to planning-as-
SAT approaches (Rintanen 2021), incrementally construct-
ing a formula ¢,, that is satisfiable iff a plan of length n
achieves the goal. This makes OMT less effective in II¢OM?,
where solution plans are typically long due to conditional
effect compilation. For example, the only instance solved by
OMT features 24 actions while only two resolutions are re-
quired to solve the corresponding D-Model.

Conclusions

This work adopts Difference Models as a framework for rep-
resenting and reasoning about parity. We formalised the Res-
olution Number Problem, which asks for the minimal num-
ber of resolutions to eliminate all parities, and established
its computational complexity by proving NP-completeness
via a reduction from the Jump Number Problem for posets.
Furthermore, we proposed a practical approach for comput-
ing optimal resolution sequences by encoding the problem
into numeric planning and using established planning tech-
niques. Our results show that blind search is a viable method
for solving the considered class of problems, whereas cur-
rent state-of-the-art optimal planners struggle to scale due
to their lack of support for conditional effects. Future work
will look to extend optimal planners for conditional effects
and develop domain specific heuristics. Moreover, we plan
to integrate planning algorithms for Difference Models with
interactive decision-support in applications where parity-
aware reasoning is essential for system trustworthiness.
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